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Abstract 

In the present paper we introduce analogs of almost periodic functions 
for the unit circle. We study certain uniform algebras generated by such 
functions, prove corona theorems for them and describe their maximal ideal 
spaces. 

1. Formulation of Main Results 

1.1. The classical almost periodic functions on the real line as first introduced by 
H. Bohr in the 1920s play an important role in various areas of Analysis. In the 
present paper we define analogs of almost periodic functions on the unit circle. 
We study certain uniform algebras generated by such functions. In particular, we 
describe in these terms some uniform subalgebras of the algebra of bounded 
holomorphic functions on the open unit disk D C C, having, in a sense, the weakest 
possible discontinuities on the boundary d3. 

To formulate the main results of the paper we first recall the definition of almost 
periodic functions, see [B]. 
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Definition 1.1 A continuous function / : R — C called almost periodic if, for 
any e > 0, there exists Z(e) > such that for every to E M. the interval [to, to + Z(e)] 
contains at least one number t for which 

\f{t) - f{t + T)\ <e for all t G R. 

It is well known that every almost periodic function / is uniformly continuous and is 
the uniform limit of a sequence of exponential polynomials {qn}nm where qn(t) := 
Y2=i Cfcne*^'="*, Ckn e C, Afcn G R, 1 < < n, and i := ^/^. 

In what follows we consider (9D with the counterclockwise orientation. For £ K 
let %k{s) := {e^^^o+kt) . Q < t < s < 27r} C (9D, A; G {-1,1}, be two open arcs 
having e**° as the right or the left endpoints with respect to the chosen orientation, 
respectively. 

Let us define almost periodic functions on open arcs of dJ}. 

Definition 1.2 A continuous function f^ '■ 7fg(s) — C, A; G {—1,1}, is said to 

he almost periodic if the function ft '■ (— oo,0) — > C, fk{t) := /fc(e*^*°^'''*'^*-*), is the 
restriction of an almost periodic function on R. 

Example 1.3 The function e^^"^*o^ A G R, where 

logife(e*(*°+'=*)) := Int, < t < 27r, ke {-1, 1}, 
is almost periodic in the sense of this definition on 7^1 (27r) = 7^-1 (27r). 

By AP{d3) C L°°((9D) we denote the uniform subalgebra of functions / such 
that for each to and any e > there are a number s := s{to, e) G (0, tt) and almost 
periodic functions fk : •y^k^s) ^ C, k G { — 1, 1}, such that 

esssup \f{z) — fi{z)\ < e and esssup \f{z) — < e. (1.1) 

2671 (s) 267 
*o 

Let S C d3 be a nonempty closed subset. By AP{S) C AP{d3) we denote the 
uniform algebra of functions from AP{dI}) continuous on 83 \ S. 
Fix a real continuous function g on 7^1 (27r) such that 

hm o(e^*) = l, lim gie'') = 

t — >-U+ t — >z7r— 

and g{e''-^) is decreasing for < t < 2-k. We set gtoie^^) '■= (7(6'*^*"+*)). 

Theorem 1.4 The algebra AP{S) is the uniform closure in L°°(9D) of the algebra 
of complex polynomials in variables gt^ and e °^*o, A G R, e**" E S, k E { — 1, 1}. 

Let (f) : dB dB he a diffeomorphism. By 0* : C(9D) ^ C{dB), (f)*{f) := 
/ o 0, we denote the puUback by 0. Set S := 4>{S). As a consequence of Theorem 
II. 41 we obtain 
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Corollary 1.5 (j)* maps AP{S) isomorphically onto AP{S). 

1.2. We say that a complex- valued function g G has a discontinuity of the 

first kind at xq, if the one-sided limits of g at exist but have distinct values. For 
a closed subset S C 83 by Rs C L°°{dB)) we denote the uniform algebra of complex 
functions allowing discontinuities of the first kind at points of S and continuous on 

\ S. Elements from Rs are often referred to as regulated functions [D]. Clearly, 
Rs AP{S). Also, we will show (see Lemma l3.ll below) that Rs is the uniform 
closure of the algebra generated by all possible subalgebras Rp with finite F C S. 

Let A4{AP{S)) be the maximal ideal space of AP{S), that is, the space of all 
characters (= nonzero homomorphisms AP{S) C) on AP{S) equipped with the 
weak*-topology (also known as the Gelfand topology) inherited from {AP{S))*. By 
definition, Ai{AP{S)) is a compact Hausdorff space. The main result formulated in 
this section describes the topological structure of Ai{AP{S)). 

Let us consider continuous embeddings of uniform algebras 

C{d3) ^Rs^ AP{S). 

The dual maps to these embeddings determine continuous surjective maps of the 
corresponding maximal ideal spaces: 

M{AP{S)) ^ M{Rs) ^ M{C{dB)) = dB. 



Theorem 1.6 (1) For each z & S preimage Cg (z) consists of two points z+ and 
z_ which are naturally identified with counterclockwise and clockwise orienta- 
tions of d3 at z. 

(2) cs : ^A{Rs) \ Cs^{S) dD \ S is a homeomorphism. 
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Figure 1. For a given = {^i, ^2, -23, ^4} we have the homeomorphism cs of 

M{Rs) \ {Zi+, Zi_, Z2+, Z2-, Z3+, Z3_, 

and dB) \ {zi, Z2, z^, Z4} where cs{zi+) = cs{zi_) = Zi. 

(3) Cg^{S) C M.{Rs) is a totally disconnected compact Hausdorff space. 

(4) For each ^ G Cg^{S) preimage rg^{^) is homeomorphic to the Bohr compacti- 
fication bR o/R. 

(5) The map rg : M{AP{S)) \ {cs o rs)-\S) M{Rs) \ Cs\S) ^dB\S ts a 
homeomorphism. 




Figure 2. Given an n point set S, the maximal ideal space A4{AP[S)) is the union 
of dB) \ S and 2n Bohr compactifications of R that can be viewed as infinite dimen- 
sional "tori", where the spirals joining the arcs and the tori are meant to indicate 
(in a figurative manner) that there is an influence of the topology of the Bohr com- 
pactifications on the topology of the arcs. 
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Let us recall that bR is a compact abelian topological group homeomorphic to 
the maximal ideal space of the algebra of continuous almost periodic functions on 
M. Also, it follows straightforwardly from (2)- (5) that 

(6) The covering dimension of Ai{AP{S)) is oo. 

(7) For a continuous map cj) : T (cg o rs)~^{S) of a connected topological space 
T, there is a point ^ G c^^(S') such that 0(T) C r^^(^). 

1.3. By Aq C H°° we denote the disk-algebra, i.e., the algebra of functions continu- 
ous on the closure D and holomorphic in D. Also, by flsn we denote the boundary 
values of / G C(D) (in case they exist). In the present part we describe uniform sub- 
algebras of H°° generated by almost periodic functions. These subalgebras contain 
Aq and have, in a sense, the weakest possible discontinuities on (9D. 

Suppose that S contains at least 2 points. By As C H°° we denote the uniform 
closure of the algebra generated by Aq and by holomorphic functions of the form 
e-^ where Re/ la© is a finite linear combination with real coefficients of characteristic 
functions of closed arcs whose endpoints belong to S. If S consists of a single point 
we determine As C H'^ to be the uniform closure of the algebra generated by Aq 
and functions ge'^-^ , A G M, where Re/ Ian is the characteristic function of a closed arc 
with an endpoint at S and g E Aq is a. function such that ge^ has discontinuity on 
S only. In the following result we naturally identify As and H°° with the algebras 
of their boundary values. 

Theorem 1.7 

As = AP{S) n H°°. 

Remark 1.8 Suppose that F C dB) contains at least 2 points. Let e'^^ G As, 
A G M, where Re / is the characteristic function of an arc [x, y] with x,y E S. Let 
ipx^y '■ D H[_|_ be the bilinear map onto the upper half-plane that maps x to 0, the 
midpoint of the arc [x,y] to 1 and y to oo. Then there is a constant C such that 

where Log denotes the principal branch of the logarithmic function. Thus from 
Theorem 1 1.71 it follows that the algebra AP{S) fl H°° is the uniform closure of the 
algebra generated by Aq and the functions e^K^°?.°'l>^,y) ^ A G M, x,?/ G S'. 

The following example shows that if S is an infinite set. As does not coincide 
with the algebra generated by functions where Re/ G Rs (the corresponding 
arguments are presented in section 4.3). 

Example 1.9 Assume that a closed subset S C (9D contains —1, 1 and a sequence 
{e**''}A;gN5 tk £ (0,vr/2), converging to 1. Let {afcjfcgN be a sequence of positive 
numbers satisfying the condition Yl^=i^k = 1- By x^. we denote the characteristic 
function of the arc 7a: := {e** : tk < t < -k} . Consider the function 

n 

u{z) ■.= ^akXk{z), ze&D. 

k=l 
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Clearly, u G Rs- Let h be a holomorphic function on © such that Re/?.|a]3 = u. Then 
g/i g ^oo However, for any / G such that /(I) = we have fe'' G 

Remark 1.10 It seems to be natural that a function / G has the weakest 
possible discontinuities on if /I^d ^ Rs- However, from the classical Lindclof 
theorem [L] it follows that any such / in fact belongs to Aq. Moreover, the same 
conclusion is obtained even from the fact that Re/lanj G Rs for / G In 
particular, if / is holomorphic on D and Re/ la© is correctly defined and belongs 
to Rs \ C(9D), then f ^ H°°} Nevertheless, e H°°, which partly explains the 
choice of the object of our research. 

Let M.{As) be the maximal ideal space of As- Since evaluation functional 
z{f) :— f{z), z e'B, f e As, belong to M.{As) and separates points on D, there 
is a continuous embedding : D — > A4{As). In the sequel we identify D with is{^)- 
Then the following corona theorem is true. 

Theorem 1.11 D is dense in M.{As). 

Remark 1.12 Let us recall that the corona theorem is equivalent to the following 
statement, see, e.g., [G, Chapter V]: 

For any collection of functions /i, . . . , /„ G ^5 satisfying the corona condition 

ms^ \fj{z)\ > 5 > 0, ^gD, (L2) 

l<j<n 

there are functions gi, . . . ,gn G As such that 

figi + ... + fngn^l. (1.3) 

Finally we formulate some results on the structure of M.{As). Since Aq ^ As, 
there is a continuous surjection of the maximal ideal spaces 

as : M{As) M{Ao) = B. 

Recall that the Silov boundary of As is the smallest compact subset K c A4{As) 
such that for each f E As 

sup |/(;.)|=sup|/(0|. 
zeMiAs) ^eK 

Here we assume that every f e As is also defined on M.(As) where its extension to 
M{As) \ D is given by the Gelfand transform: f{C) := ^(/), ^ G M{As). 

Theorem 1.13 (1) as : M{As) \as\S) S is a homeomorphism. 

(2) The Silov boundary Ks of As is naturally homeomorphic to Ai{AP{S)). Un- 
der the identification of Ks and Ai{AP{S)) one has aslxs = f^s ° cs- 

^In this case f\gB G BMO{dEi) with \\f\\BMO(dO) < c\\^ef\dB>\\L'-'{dO) for some absolute 
constant c > 0. 
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(3) For each z E S, the preimage ag'^(z) is homeomorphic to the maximal ideal 
space of the algebra APq{Ti) of uniformly continuous almost periodic functions 
on the strip E := {2; e C : Imz G [0,7r]} holomorphic at interior points ofTi. 

In the next section we describe the topological structure of the maximal ideal 
space M.{APo{'S)) of APoiJ^). We show that this space is equipped with a natural 
"complex structure". Similarly each fibre a^^(z), 2; G 5, has a natural complex 
structure so that the homeomorphisms in Theorem ll.l3l f3) are analytic with respect 
to these structures. 

In a forthcoming paper we present similar results for algebras of bounded holo- 
morphic functions on open polydisks generated by almost periodic functions. 

2. Maximal Ideal Space of the Algebra APq{T,) 

2.1. The construction presented below is rather general and can be defined for 
Galois coverings of complex manifolds with boundaries (cf. [Br]). However, we 
restrict ourselves to the case of coverings of annuli related to the subject of our 
paper. 

Consider the annulus R := {z E C : e"^'^ < \z\ < 1}. Its universal covering 
can be identified with S so that e : S ^ i?, e{z) := e^'^*^, z G S, is the covering 
map. We can also regard S as a principal bundle on R with fibre Z (see, e.g., [H] 
for the corresponding topological definitions). To specify, consider a cover of R by 
relatively open simply connected sets Ui and U2- Then e~^{Uk) can be identified 
with Uk X k = 1, 2. Also, there is a continuous map cu : t/i fl f/2 ^ ^ such 
that R is isomorphic (in the category of complex manifolds with boundaries) to the 
quotient space of (f/i x Z) U {U2 x Z) under the equivalence relation: 

UixZb {z, n) ~ (2;, n + 012(2;)) G f/2 x Z for all 2; G f/i fl f/2 and n G Z. 

Let 6Z be the Bohr compactification of Z. Then the action of Z on itself by transla- 
tions can be extended naturally to the action on 6Z: ^ 1-^ ^ + n, ^ G 6Z, n G Z. By 
E[R, 6Z) we denote the principal bundle on R with fibre 6Z defined as the quotient 
of (f/i X 6Z) U (f/2 X 6Z) under the equivalence relation: 

f/i X 6Z 9 [z, C) ~ (2, C + ci2{z)) G f/2 X 6Z for all 2 G f/i H f/2 and ^ G 6Z. 

Clearly E{R, bZ) is a compact Hausdorff space in the quotient topology induced by 
that of (f/i X bZ) U (f/2 x bZ). Also, the projection p : E{R, bZ) ^ R is defined by 
the natural projections Uk x Z ^ Uk, k = 1,2, onto the first coordinate. 

Next, the natural local injections Uk x Z ^ Uk x bZ, k = 1,2, determine an 
injection : E E{R, bZ) such that p o = e. Moreover, 2o(S) is dense in 
E{R, bZ), because Z is dense in bZ (in the topology of bZ). Similarly, one determines 
an injection : S ^ E{R, bZ), ^ G bZ, by the formula i^{{z, n)) := {z,^+n), z G Uk, 
n E Z, k = 1,2. Since, by definition, ^ + Z is dense in bZ, the image ^^(E) is dense 
in E{R, bZ) for any ^. Moreover, E{R, bZ) = \J^i^{T,) where the union is taken over 
all ^ whose images in the quotient group 6Z/Z are mutually distinct. Observe also 
that every i^ is a continuous map and locally is an embedding. 
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Definition 2.1 A continuous function f on E{R^h'L) is said to he holomorphic if 
every function f o i^ is holomorphic in interior points of E. 

By 0{E{R,bZ)) C C{E{R,bZ)) we denote the Banach algebra of fiolomorphic 
functions on E{R, bZ). 

Remark 2.2 Using a normal family argument and the fact that is dense in 

6Z) one can easily show that / G C(i?(i?, 6Z)) is holomorphic if and only if 
there is ^ e 6Z such that / o is holomorphic in interior points of E. 

2.2. Let us recall that / G APc'(E) if / is uniformly continuous with respect to 
the Euclidean metric on E, holomorphic in interior points of E and its restriction to 
each straight line parallel to the x-axis is almost periodic. In the following lemma 
we identify E with io(S) C E{R, bZ). 

Lemma 2.3 Every f G APc)(E) admits a continuous extension to a holomorphic 
function f on E{R,bZ). Moreover, the correspondence'^: /IPo(E) — > 0{E{R,bZ)), 
f ^ f, determines an isomorphism of Banach algebras. 

Proof. Using the Pontryagin duality [P] one can easily show that the closure of Z in 
6M, the Bohr compactification of M, is isomorphic to 6Z. In particular, restrictions 
to Z of almost periodic functions on R are almost periodic functions on Z and 
the algebra generated by extensions of such functions to &Z separates points on 
bZ. Let us identify naturally every p~^{Uk) with Uk x 6Z, and every e~^{Uk) with 
?7fe X Z (c f/fc X bZ), k = 1,2, and regard f\e-'^{Uk)j f ^ APo{^), as a bounded 
function fk G C{Uk x Z). Then, fk is 

(a) holomorphic in interior points oi Uk x Z, 

(b) uniformly continuous on Uk x Z with respect to the semi-metric r{vi,V2) '■— 
\z\ — Z2\ on Uk x Z where vi — {zi, rii), V2 — {z2, 712) G C/jt x Z and | • | is the 
Euclidean norm on C, 

(c) fk\{z}xz is almost periodic on Z for every z E Uk- 
To prove the lemma it suffices to show that 

(1) There is a continuous function fk on Uk x bZ such that fklu^xi. = fk, for 
every ^ G bZ, the function fk\ukx{^} is holomorphic in interior points of Uk 
and sup^^,x5z \fk\ = sup^i^^z \fk\- 

(2) /// G 0{E{R,bZ)), then f\^ G APo(E). 

(1) Since for every z & Uk the function fkzi''^) '■— fk{z, n) is almost periodic on Z, 
there is a continuous function fkz on bZ which extends fkz- We set fk{z, ^) := fkziO^ 
^ G 6Z and prove that fk is continuous. In fact, take a point w = {z,$,) & Uk x bZ 
and a number e > 0. By the uniform continuity of fk, there is 5 > such that 
for any pair of points Vi = {zi,n) and V2 = {z2,n) from Uk x Z with \zi — Z2\ < S 
one has \ f{zi,n) — f{z2,n)\ < e/3. Define a neighbourhood C/^ of 2; G Uk by Uz :— 
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{z' E Uk '■ \z — z'\ < 5}. Further, by the definition of fkz-, there is a neighbourhood 
d UL oi such that for any r] E we have \ fkz{v) ~ fkz{0\ < Consider 
Uw := Uz y< U^- Then is an open neighbourhood of w E Uk y< VL. Note that 
fkz ~ fkz' is an almost periodic function on Z and for any z' G its supremum norm 
is < e/2. This imphes that \ fkz{v) ~^ fkz'{v)\ < for each rj G 6Z. In particular, 
for any (x, rj) G f/^t, we have 

\fk{x,r]) - fk{z,^)\ < IfkM - fkz{v)\ + \fkziv) - fkziOl < e • 

This shows that fk is continuous at every w E Uk x bZ. 

Now, we show that f\ukx{^} is holomorphic in interior points of Uk for every 

Since fk is uniformly continuous on the compact set Uk x bZ, for any e > 
there is G Z such that sup^gj;^ \ fk{z,C,) — fk{z,n^)\ < e. In particular, fk{-,0 is 
the limit in C{Uk) of the sequence ni//)}i>i of bounded continuous functions 

holomorphic on the interior of Uk ■ Thus fk \ x {i} is also holomorphic on the interior 
of Uk. 

Note that the equality sup^j^xbz = sup^^^^l/fcl follows directly from the 
definition of fk- This completes the proof of (1). 

(2) Suppose that / G 0{E{R,bZ)). We must show that /|e G APo(S). To this 
end it suffices to show that for every line L := {z E C : Im 2; = t G [0, tt]}, the 
function /|l is almost periodic. (The uniform continuity of /|s with respect to the 
Euclidean metric on C follows easily from the uniform continuity of / on E{R, bZ).) 
By definition the image S := e{L) C -R is a circle and e|i : L — > S" is the universal 
covering. Consider the compact set p^^{S) C E{R,bZ). Since the function /|p-i(s) 
is continuous and bZ C 6M, given e > there are a finite open cover (Ki)i<n<m 
of 5* by sets homeomorphic to open intervals in M and continuous almost periodic 
functions /„ on L, 1 < < m, such that 

sup \f^(z)-f(z)\<e. (2.1) 

zGe-l(y„),l<n<m 

Let {pn}i<n<m bc a continuous partition of unity subordinate to (Ki)i<n<m- We pull 
back it to L by e and by pn (:= e*pn), I < n < m, denote the obtained functions. 
Since each pn is periodic on L, it is almost periodic, as well. Let us define the 
function on L by the formula 

m 

fe{z) := ^Pn{z)fn{z). 
n=l 

Then clearly is a continuous almost periodic function on L and by (|2.H) 

sup|/e(z) -/(2;)| < e. 

zG-L 

This shows that / admits uniform approximation on L by continuous almost periodic 
functions and therefore /|l is almost periodic, as well. 
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The lemma has been proved. □ 

2.3. In this part we prove the corona theorem for the algebra APc){J]). Recall 
that Ai{APo{^)) stands for its maximal ideal space. It is well known that every 
/ G APo{^) can be approximated uniformly on E by polynomials in e*'^^, A G M, 
see, e.g., [JT]. Then using the inverse limit construction for maximal ideal spaces of 
uniform algebras, see [R], one obtains that the base of topology of Ai^APoCL)) is 
generated by functions e*'^^. Namely, the base of topology on J\4{APa(T,)) consists 
of open sets of the form 

f/(Ai,...,Az,e,e):={r;GA<(APo(S)) : max Ica, (r/) - e^, (0 1 < e} 

i<fc<t 

where e\ is the extension of e*'^^ to Ai{APo{'S)) by means of the Gelfand transform. 



Theorem 2.4 S is dense in A^(APc'(S)) in the Gelfand topology. 

Proof. Assume that the corona theorem is not true for APo{^), that is, S is not 
dense in A4{APq{T,)). Then there exist ^ G A4{APq(J2)) and its neighbourhood 
U{Xi, . . . , Xi,^, e) such that 

f/(Ai,...,A,,e,e)nc/(S)=0; 

here c/(S) is the closure of S in Ai^APoiT,)). Denoting := eAj,(^), 1 < A; < /, we 
have 

max |e*^'=^ - Cfel > e > for all z G S. (2.2) 

l<fc<Z 



Clearly, every function e '^^ — Ck, 1 < k < I, has at least one zero in S. (For 

1 



otherwise, if, say, e^^''^ — Ck has no zeros on S, then the function gk{z) := -rx^^zTTy 



z G S, obviously belongs to APo{T,) and 5'fc(-2)(e*'^'=^ — c^) = 1 for all 2; G S, a 
contradiction to our assumption.) In particular, since solutions of the equation 

e'^'' = Ck, Xk + 0, 

are given by 

iln|cfc| ArgCfe + 27rs 
z = \ , s G Z, 

they all belong to S. Further, without loss of generality we may assume that all 
Ayfc > 0. Indeed, if some A^ < 0, we can replace the function e^^*'^ — Ck by e~*'^'=^ — - 
(observe that 7^ by the above argument) so that the new family of functions 
also satisfies ()2.2j) (possibly with a different e) and extensions of these functions to 
J^{APo{T,)) vanish at ^. Since all these functions have zeros in E and satisfy ()2.2|) 
there, we have 

max le'^'''' - cJ > e'> 0, for all 2: G H . 

l<k<l 

where EI+ C C is the open upper half-plane, and all e*'^'=^ — c^, A^ G M+, are almost 
periodic on E[_|_. From the last inequality by the Botcher corona theorem [Bo] we 
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obtain that there exist holomorphic almost periodic functions gi, . . . ,gi on H+ such 
that 

I 

J29k{z){e'^''' -Ck) = l for all ^ G 1+. 

k=l 

Thus taking the restrictions of these functions to S we obtain a contradiction to our 
assumption. 

This completes the proof of the corona theorem for APoC^)- □ 
Corollary 2.5 E(R,bZ) is homeomorphic to Ai{APo(T.)) . 

Proof. By Lemma 12.31 there exists a continuous embedding i of E[R, 6Z) into 
M{APo{^)). Since E is dense in E{R, bZ) and is dense in M{APo{T.)) by the 
corona theorem, i is a homeomorphism. □ 

Remark 2.6 (1) According to our construction, the closure of M in E{R, bZ) coin- 
cides with bR. In fact, this closure is E{d]D>,bZ), the principal bundle on d3 with 
fibre bZ obtained as the restriction of E{R, bZ) to d3. Since R is homotopically 
equivalent to d3, by the covering homotopy theorem E{R, bZ) is homotopically 
equivalent to bR = E{dB, bZ). 

(2) Observe also that the covering dimension of bR is cxd, because bR is the inverse 
limit of real tori whose dimensions go to oo. Therefore the covering dimension of 
M{APo{T)) = E{R,bZ) is also oo. 

(3) Finally, it is easy to show that the Silov boundary of APq^T,) is E{R, bZ)\QR, the 
restriction of E{R, bZ) to the boundary dR of R, and is homeomorphic to bR U bR. 

3. Proofs of Theorems II. 4L 11.61 and Corollary 11.51 

3.1. Proof of Theorem II. 4L Let / G AP(S). Since (9D is a compact set, given 
e > there are finitely many points zi := e**' G d3, numbers Si G (0, vr) and almost 
periodic functions fl : 'Jtfi^i) — * C, A; G { — 1, 1}, 1 < / < such that 

n 

[j{'yt-i{si)U^ti{si)) =dB\{zi,...,Zn} and for all l<l<n 
1=1 

(3.1) 

esssup \f{z) - f[{z)\ < - , ess sup \f{z) - fU{z)\ < - ■ 

2:67,1 (si) ^ ze7,-i{si) ^ 

We set Ui := 7fi(s/) U 7^-1 (s^) U {zi}. Then U = is a finite open cover 

of dJ}. Let {p/}[Li be a continuous partition of unity subordinate to U such that 
supp pi CC Ui and pi{zi) = 1, 1 < I < n. Consider the functions // on d3 \ {zi} 
defined by the formulas 

I Piiz)fiiz), if zE-fti{si). 
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Since /; is continuous outside zi and coincides with /i^ and /{ in a neighbourhood 
of zi, it belongs to AP{S). Moreover, 

n 

11/ - X]/i||i°°(aD) < 2" (3-2) 
1=1 

Thus in order to prove the theorem it suffices to approximate every fi by polynomials 

in and e*^'"*^*", k G {-1, 1}, A G M. 

Suppose first that Zi ^ S. Since / is continuous outside the compact set 5*. wc 
can choose the above cover U and the family of functions {/™}i<m,<n; k G 1}, 
such that in the Ui the functions k G { — 1, 1}, have the same limit at Zi. This 
implies the continuity of // on 9D. Next, consider the uniform algebra 'C{g^) over 
C generated by the function gt^. Since by our definition separates points on 

\{zi}, the maximal ideal space of C{gti) is homeomorphic to the closed interval 
(9D \ {zi}) U {zik}, k G { — 1, 1}, with cndpoints Zii and Zi-i identified with the 
counterclockwise and clockwise orientations at zi. Clearly every continuous function 
on dB> is extended to the maximal ideal space of C{gti) as a continuous function 
having the same values at Zii and Zi-i. Thus by the Stone- Weierstrass theorem fi 
can be uniformly approximated on \ {zi} by complex polynomials in gt^. 

Now, suppose that Zi G S. Choose some s G (0,5^). By AP[zi}{s) we denote 
the uniform algebra of complex continuous functions on dV> \ {zi} almost periodic 
on the open arcs 7tfc(s), k G {—1, 1}. (Since s G (0,7r), the closures of these arcs 
are disjoint.) By M.{zi}{s) we denote the maximal ideal space of AP[zi}{s). Then 

\ {zi} is dense in M{zi}{s) (in the Gelfand topology). Note that the space 
A4{zi}{s) is constructed as follows. 

Consider the Bohr compactification 6M of M. We identify the negative ray M_ 
in R C 61R with 7t^^ (s) C dB by means of the map t ^ e^(*'+*'=*\ t eR- Similarly, 
consider another copy of bR and identify ]R_(c K) in this copy with 7t^_i(s) C 
by means of the map t ^ ^^{ti-se*)^ ^ ^ ^^iq identified sets we introduce the 

topology induced from bR and on dBi\ (7tj_i (s) U7t^j (s)) the topology is induced from 
(9D. Then the quotient space of 6M U 6M U dV> under these identifications coincides 
with M{zi}{s). 

Next, recall that by definition the algebra AP{{zi}) is the uniform closure in 
C(9D \ {zi}) of the algebra generated by the algebras AP{2j(s), s G (0, s/). By 
Ai{AP{{zi})) we denote the maximal ideal space of AP{{zi}). Since for any s" < s' 
we have inclusions is"s' '■ ^P{zi}{s') ^ AP^^ijis"), the space Ai{AP{{zi})) is the 
inverse limit of the spaces /A{zi}{s) (here the maps Ps"s' '■ •A^{2i}("S") — •^{2i}(s') in 
the definition of this limit are defined as the dual maps to is"s')- Also, 9D \ {2;;} is 
dense in M.{AP{{zi})) in the Gelfand topology. Since by the definition the functions 

e*^^"^***^ and gt^ admit the continuous extensions (denoted by the same symbols) 

to Ai(AP{{zi})), it suffices to show that the extended functions e , gt^ separate 
points on M.{AP{{zi})). Then we will apply the Stone- Weierstrass theorem to get 

a complex polynomial pi in variables e and gt^ which uniformly approximates 
fi on M.{AP{{zi})) with an error < e/2n. Therefore, Yl^=iPi ^^^^ approximate / in 
L°°((?D) with an error < e. 



12 



So let us show that the functions e , separate points on M.{AP{{zi])). By 
Ps '■ ■M.{AP{{zi})) A^{2;}(s) we denote the continuous surjection determined by 
the inverse hmit construction. First, we consider distinct points x,y & Ai{AP{{zi})) 
for which there is s G (0, s/) such that Ps{x) and Ps{y) are distinct and belong to 
one of the Bohr compactifications of M in A4[zi}{s), say, e.g., to the compactification 

obtained by gluing M_ with 7^^^ (s). Since in this case the functions e*'^'"^*;^ extended 
to bM. are identified with the extensions to 6M of functions casC*^* on M, cxs := e*'^''^'', 
by the classical Bohr theorem there is Aq G M such that the extension of e^°^°^hi 
to bM. separates Ps{x) and Ps{y)- So, the extension of e*'*'"'"^*;^ to A4{AP{{zi})) 
separates x and y. 

Suppose now that x and y are such that Ps{x) and Ps{y) belong to different Bohr 
compactifications of M for all s. This implies that x and y are limit points of the sets 
■y k(x){s) and ■y k(y){s) for some s G (0, s^) with k{x) 7^ k{y) and k{x),k{y) G {—1, 1}. 

Then the function gt^ by definition equals 1 at one of the points x, y and at the 
other one. 

Finally, assume that x G M{AP{{zi})) \ dB and y G (9© \ {zi}. Then gt^{x) 
equals either or 1 and gti{y) differs from these numbers because gti is decreasing 
on \ {zi}. 

Thus we have proved that the family of functions e , gti separate points on 
A4{AP{{zi})). This completes the proof of the theorem. □ 

3.2. Proof of Corollary 11.51 According to Theorem 11.41 it suffices to prove 
that for functions gt^ and e*'^'°^*o, A G M, '■= G S' := (j){S), k G {—1,1}, 
the corresponding functions (p*{gto) and / := 4>*{e °^*o) belong to AP{S). Since 
gto G R{zo}, the statement is trivial for (f)*{gt^^). Without loss of generahty we may 
assume that preserves the orientation on 9D. Let e**" := (j)~^{zQ). Then we have 

where : [0, 27r] [0, 27r] is a diffeomorphism and 0(0) = 0. We set c := 0'(O). 
By the definition on the open arcs 7ffc(s) for t G {—00, 0) we obtain 

J'j^^-) jj^gi{to+fcse*)-j ^ giAln^(se*)) ^ ^lA ln(cse*+o(se*)) ^ ^i(\\n(cs)+o(l)) ^iXt ^ S ^ 0. 

Since / is continuous outside e**°, the latter implies that / G AP{S). □ 

3.3. Proof of Theorem 11.61 We begin with the following 

Lemma 3.1 The algebra Rs is the uniform closure of the algebra generated by the 
algebras R^z} for all possible z E S . 

(For S = d3 a similar statement first was proved by Dieudonne [D]). 

Proof. Consider a regulated function / G Rs- Since d3 is a compact set, by the 

definition of Rs for any e > there are finitely many points zi := e**' G (9D, numbers 
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Si G (0, vr) and constant functions fl : %k{si) — > C, A; G { — 1,1}, 1 < / < n, such 
that 

n 

|J(7,-i (si) U 7^1 (si)) = dB\{zi,...,Zn} and for all l<l<n 
1=1 

esssup \f{z)-f[{z)\<e, ess sup - < e . 

We set Ui := 7(i(s;) U 7^-1 (s^) U {zi}. Then f/ = (f/«)r=i ^ finite open cover 
of dB). Let {pz}"^^ be a continuous partition of unity subordinate to U such that 
supp pi CC Ui and Pi(^/) = 1, 1 < / < n. Consider the functions fi on \ {zi} 
defined by the formulas 

f Piiz)fUiz), if 2;G7,-i(sO, 

If G S", then by definition fi G R{zi}- If -2; ^ 5', then since / is continuous outside 
the compact set S, we can choose the above cover U and the family of functions 
{fr}i<m<n, k G {—1, 1}, such that in the Ui the functions k G {—1, 1}, have the 
same limit at zi. This implies the continuity of fi on 9D, i.e., fi G -R{^;}, as well. 
Also, we have 

n 

11/ - ^ < e- 

This completes the proof of the lemma. □ 

Let Fl C F2 be finite subsets of S. Then we have the natural injection z^^^^ : 
Rf^ ^ Rf2- Passing to the map dual to ^^1^2 we obtain a continuous map of the 
corresponding maximal ideal spaces: PF1F2 '■ -^(-^^2) A4{Rfi)- Now the family 
{{M.{Rfi), M.{Rf2),PFiF2)}ficF2cs determines an inverse limit system whose limit 
according to Lemma ITTl coincides with Jli{Rs). By pf : J^{Rs) J^{Rf), F C S 
is finite, we denote the limit maps determined by this limit. Then we have 

cpopF = cs. (3.3) 

Let F consist of n points. Then d3 \ F is a disjoint union of open arcs 7^, 
1 < k < n. Consider a real function Qf on d3 having discontinuities of the first 
kind at points F and continuous outside F such that the qf '■ dB) \ F ^ M is an 
injection and gF{dB) \ F) is the union of open intervals whose closures are mutually 
disjoint. Then an argument similar to that used in the proof of Theorem 11.41 (see 
the case zi ^ S there) shows that Rf = C{gF), the uniform algebra in L°°(c}D) 
generated by qf- This implies that Ai{RF) is naturally homeomorphic to the disjoint 
union of closures 7^ of 7^, 1 < < n, and cf '■ A4{Rf) — ^ 91} maps identically 
every 7^ in this union to 7^ C d3. Since is continuous, for every z E F the 
preimage Cp^{z) consists of two points z^ and z_ that can be naturally identified 
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with counterclockwise and clockwise orientations of 83 at z. Thus we obtain proofs 
of statement (l)-(3) of the theorem for a finite subset F G S. To prove the general 
case we use ()3.3|) . 

Assume that for some z G the preimage Cg^{z) contains at least three points 
Xi, X2 and X3. Then by the definition of the inverse limit, there is a finite subset F C 
S such that pf{xi), Pf{x2) and prixs) are distinct points in A4{Rf). Since by ()3.3|1 
the images of these points under cp coincide with z, from the case established above 
for A4{Rf) we obtain that Cp^{z) consists of at most two points, a contradiction. 
Thus Cg^{z) consists of at most 2 points for every z E 83. 

Assume now that z E S. Let F C 5* be a finite subset containing z. Then the 
preimage Cp^{z) consists of two points. Since by ()3.3j) c^^{z) = pp^{cp^{z)), the 
preimage Cg^{z) consists of two points, as well. (As before, they can be naturally 
identified with counterclockwise and clockwise orientations of 83 at z.) 

This proves statement (1) of the theorem. 

Next, for z ^ S we have c^'^{z) is a single point. (For otherwise, for some finite F 
we will have that Cp^{z) consists of at least 2 points, a contradiction.) Since Cg^{S) is 
compact, the latter implies that cs ■ A4{Rs)\cg^iS) 83\S is a homeomorphism. 

The proof of statement (2) is complete. 

To prove (3) we will assume that S is infinite (for finite S the statement is already 
proved). Let F C S* be a finite subset consisting of n points, n > 2. Let 83 \ F be 
the disjoint union of open arcs 7fc, 1 < A; < By Xjk denote the characteristic 
function of 7^. Then every x-jk belongs to Rf- By the same symbols we denote 
continuous extensions of x-yk A^(-Rf) by means of the Gelfand transform. Let us 
determine a continuous map Kp : M.{Rp) '^2{F) '■= {0, 1}" by the formula 

Kp{m) := iXjiim), . . . ,X7„(m)), m G M{Rf). 

Set Z{S) := YIfcs'^'^^^) determine the map JCs : A4{Rs) 2,{S) by the 
formula 

fCs^m) := {KF{pF{m))}Fcs- 

We equip 2{S) with the Tychonoff topology. Then Z{S) is a totally disconnected 
compact Hausdorff space and the map /C5 is continuous. 

Show that /C5|c-i(s) ■ ^5^(5') — *• 2{S) is an injection. Indeed, for distinct points 
X, y from Cg^{S) there exists a finite subset F C S consisting of at least two points 
such that Pf{x) 7^ Priy) and PF{x),pF{y) G Cp^{F). Then by the definition of the 
map Kp we have 

Kf{pf{x)) ^ Kpippiy)). 

This implies that }Cs{x) 7^ fCs{y). Since Cg^{S) is a compact set, the injectivity 
implies that c^^(S') is homeomorphic to K,s{c^^{S)). The latter space is totally 
disconnected as a compact subset of the totally disconnected space Z{S). 
This completes the proof of (3). 

(4) According to ()3.2|) the maximal ideal space M.{AP{S)) of the algebra AP{S) 
is homeomorphic to the inverse limit of compact spaces JV{.[AP{F)) with F G S 
finite. Let PF1F2 '■ -^(^-^(-^2)) M{AP{Fi)), Fi C F2, be continuous maps 
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determining this limit, and pp '■ Ai{AP{S)) — * Ai{AP{F)) be the corresponding 
hmit maps. Since each AP{F) is a self-adjoint algebra, by the Stone- Weierstrass 
theorem d3 \ F is dense in ^A{AP{F)). Hence, PfiF2 and pp are surjective maps. 

We begin with the description of M.{AP{F)). Suppose that F := {zi, . . . ,Zn} 
and Fi := F \ {zi} , 1 < i < n. Consider disjoint union 

X= □ {M{AP{{z,}))\F,). 

l<i<n 

Note that each component of X contains dB) \ F as an open subset. By 
hi : dI}\F A4{AP{{zi}))\Fi we denote the corresponding embeddings. Then for 
each z G 83 \F we sew together points hi{z), 1 < i < n, and identify the obtained 
point with z. As a result we obtain the quotient space X of X and the "sewing" 
map TT : X X. We equip X with the quotient topology: 

U C X is open <^=^ 7r^^([/) C X is open. 



Lemma 3.2 X is homeomorphic to A4{AP{F)). 

Proof. By definition each Vi := TT{M.{AP{{zi})) \ Fi) is an open subset of X 
homeomorphic to A4{AP{{zi})) \ Fi. Since the latter spaces are Hausdorff, X is 
Hausdorff, as well. Let us cover dD by closed arcs 71, . . . , 7„ such that ■jiHF = {zi}, 
1 < i < n. By 7j we denote the closure of 7^ in A4{AP{{zi})). Then 7^ is a compact 
subset of Ai{AP{{zi})) \ Fi and Ui := vr(7j) is a compact subset of Vi. It is easy 
to see that X = Ui<j<„f/j. Thus X is a compact space. Further, according to 
fl3.2|) each function from AP[F) is extended continuously to X and the algebra 
of the extended functions separates points on X. Hence by the Stone- Weierstrass 
theorem, X is homeomorphic to Ai{AP{F)). □ 

As a corollary of the above construction we immediately obtain the following: 
Let -Fi C F2 be finite subsets of 5*. Consider the commutative diagram 

M{AP{S)) 
MiAP{F,)) 
M{AP{F,)) 

Here pp-^ := pp^p^ o pp^ and pp^ := ° Pf2- We set Fi := {cp-^ o rp-^^)^^{Fi) and 

S,:={cp^orpJ-\S),i = l,2. Then 

(A) 

PfiF2 ■■ VpIp^^Fi) Fi 

is a homeomorphism; 



M{Rs) ^ dB 

'^^i II 

MiRp,) ^ dB (3.4) 
II 

M{Rp,) ^ dB. 
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(B) 



M{AP{F2)) \ S2 M{AP{Fi)) \ Si d3 \ S 



are the identity maps. 
From here by the definition of the inverse hmit we obtain 

is a homeomorphism; 

(Bl) 

MiAP{S)) \ (cs o rs)-\S) ^ M{AP{Fi)) \ S, ""^^ 9© \ S 
are the identity maps. 

Assume now that Fi = {z} C S. Then according to Theorem 11.41 (1) the set 
l{Fi) = Cg^{Fi) consists of two points {^+} and {z-} identified with counterclock- 



wise and clockwise orientations at z. Thus to prove (4) we must show (according to 
fK14|l and statements (A), (Al)) that each set r'^^y{z±) is homeomorphic to 6M. 

To this end let us recall that in the proof of Theorem 1 1.41 we had established that 
A4{AP{{z})) is the inverse limit of the maximal ideal spaces A4{z}{s) of algebras 
AP^z}{s) of continuous functions on dl]>\{z} almost periodic on the open arcs 7ffc(s) 
where z := e** and s G (0, it). Also, in that proof the structure of each M.^z}{s) was 
described. 

For every pair < s" < s' < vr let pgiig' : Ai{z}{s") A^{2}(s') be the continuous 
surjective map dual to the embedding igi's' : AP^z}{s') ^ AP^^-^^s"). From the proof 
of Theorem 11.41 we know that every is obtained by gluing (9D \ {z} with 

two copies of 6M where one copy (denoted felRi) is obtained by gluing with 741 (s) 
and another one (denoted by 6M_i) is obtained by gluing with 7^-1(5). Suppose that 
^ e 6M1 C M{z}{s")- Let us compute Ps" s'iO ^ ^Ri C M{z}{s'). Let {za} C 7*1 (s") 
be a net converging to ^. This means that the net {4>s"{za)} C ]R_ converges to ^ in 
the topology of the Bohr compactification on 6M; here (ps" is the map inverse to the 
map ips" '■ M_ — i> 7(1 (s"), x ^ e**^*"*"^ ^"^^ Next, by the definition the net {(ps'i^a)} 
converges to Ps"s'iO- straightforward computation shows that 

4>s'{,Za) = (l)s"{Za) + lu for all Za. 

Thus we have 

P.'v(0=e + ln(^), eefeMi. (3.5) 
Here the sum denotes the group operation on 6M. Similarly, 

s' 



P.'v(0 =e + ln( - ) , ^ebR_i. (3.6) 
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Using these formulas we now prove that each r^^y(z±) is homeomorphic to bM.. 
We will prove the statement for z+ (for Z- the argument is similar). 

For a fixed sq G (0, tt) consider the hmit map : J^{AP{{z})) M.{z}{so)- 
Then p^o maps r^^y(z+) into Xg^ := bRi C M.{z}{so). Moreover, by definition 
rj'^|(2;+) is the inverse limit of the system {(X^", Xs',Ps"s')} where we write 
for 6Mi C Ai{z}{s). Since according to ()H.5|1 every ps"s' '■ ^ Xg' is a home- 
omorphism (even an automorphism of 6M), by the definition of the inverse limit 

■ r^^j(2;+) — »• XsQ is a homeomorphism. 

This completes the proof of statement (4). 

(5) The required statement follows from (Bl) and Theorem ll.fil (2). 
The proof of Theorem II .61 is complete. □ 

Remark 3.3 It is well known that the covering dimension of bM. is oo because this 
group is the inverse limit of compact abelian Lie groups whose dimensions tend to 
oo. Since bM. C Ai{AP{S)), the covering dimension of Ai{AP{S)) is oo, as well 
(statement (6)). Also, statement (7) follows from the fact that Cg^{S) is totally 
disconnected. Indeed, for a continuous map (p : T —> (c^ o rs)~^{S) of a connected 
topological space T the image of rg o is a single point. This implies the required. 



4. Proofs of Theorem 11.71 and Example 11.91 

4.1. In this part we formulate and prove some auxiliary results used in the proof of 
the theorem. 

Notation. Let zq G dD and U^^ he the intersection of an open disk of radius < 1 
centered at zq with D \ {zq}. We call such Uzq a circular neighbourhood of zq. 

Next, we define almost periodic continuous functions on a circular neighbourhood 

of Zq holomorphic in its interior points as follows. 

Let : D ^ H+, 

0.0 (^) ■.= ^'^''-'\ .GD, (4.1) 

Zq -\- Z 

be a conformal map of D onto the upper half-plane H+. Then (p^o is also continuous 
on \ {— ^o} and maps it diffeomorphically onto M (the boundary of EI4.) so that 
02o(^o) = 0. Let So be the interior of the strip T, := {z E C : Im z G [0,7r]}. 
Consider the conformal map Log : M.^ Sq, z Log(2;) := ln|z| + iATg{z), 
where Arg : C \ ]R_ ("^j ^r) is the principal branch of the multi-function arg, the 
argument of a complex number. The function Log is extended to a homeomorphism 
of E[_|_ \ {0} onto S; here EI+ stands for the closure of EI+. 

By APc{T,) we denote the algebra of uniformly continuous almost periodic func- 
tions on S (i.e., they are almost periodic on any line parallel to the x-axis). Clearly 
we have APo{^) C APc{T,). Then according to Theorem 12.41 (the corona theo- 
rem for APo{^)), the maximal ideal space Ai{APc{T,)) of the algebra APc{T,) is 
homeomorphic to A4{APo(X,)). In what follows we identify these spaces. 
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Definition 4.1 We say that f : f/^^ <C is a (continuous) almost periodic function 
if there is a function f G APc{Ti) such that 

:= /(Log(0,o(2;))) for all z E U,,. 

If such f G APoiX'), then f is called a holomorphic almost periodic function. 

Suppose that Zq = e**". For s G (0, vr) we set 71(2:0,5) := Log(02„ (7^1(5))) C M 
and 7_i(zo,s) := Log(0^(,(7^-i (s))) C M + i7r. 

Lemma 4.2 Let f G AP{{—Zo,Zo})- We set fk := /I7 4.(77) (iiT'd consider the func- 

tions hk = fk ° fzo ° Log^^ on 7fc(-2o, s), k G {—1, 1}. Then for any e > there are 
G (0, s) and almost periodic functions h[ on M, and h'_^ on M + ivr S'uc/i that 

sup |/iA,.(-2) — < ^ fo'^ 6^cli A; G {—1, 1}. (4.2) 

2674(20,3^) 

Proof. We prove the result for fi only. The proof for /_i is similar. According to 
Theorem 11.41 it suffices to prove the lemma for fi = gt^^ or fi = e °^*o , A G M. In 
the first case we can choose a sufficiently small such that on 7^1 (s^) the function 
QtQ is uniformly approximated with an error < e by a constant function. Then as h'^ 
we can choose the corresponding constant function on 71(2:0; s^. In the second case, 
by definition. 

From here for a sufficiently small we have 

\hi{x) - e^^^^l < e for all x G 71(^0, sj. □ 
We also use the following well-known result. 

Lemma 4.3 Suppose that fi and f2 are continuous almost periodic functions on R 
and M + in, respectively. Then there exists a function F G APc{T,) harmonic in So 
whose boundary values are fi and /2. 

Proof. Let F be a function harmonic in So with boundary values fi and /2. Since 
fi and /2 are almost periodic, for any e > there exists l{e) > such that every 
interval [tQ,to + 1(e)] contains a common e-period of fi and /2, say, r^, see, e.g., [LZ]. 
Thus 

sup |/i(x + r,) - /i(x)| < e and sup |/2(x + m + - /2(x + Z7r)| < e. 

Now, by the maximum principle for harmonic functions 

sup \F{x + iy + rj — F{x + iy)\ < e for each y G [0, vr], 
xeM. 

that is, F is almost periodic on every line M. + iy, y E [0, n]. □ 
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Let A{Uzf)) be the algebra of continuous functions on D almost periodic on the 
circular neighbourhood Uzq of zq. By Az^ we denote the uniform closure of the 
algebra generated by all A{Uzo) and by Aizo the closure of D in the maximal ideal 
space of AzQ. Since the algebra Az^ is self-adjoint, by the Stone- Weierstrass theorem 
M.ZO coincides with the maximal ideal space of Azq- Next, let Pz^ : M.zo — > © be the 
continuous surjective map dual to the natural embedding C(D) ^ Az^- Then we 
have 

Lemma 4.4 (a) For every neighbourhood U of the compact set Fz^ := Pz^izo) 
there is a circular neighbourhood Uzq of Zq such that Uzq fl D C f/ fl ©. 

(b) FzQ is homeomorphic to Ai{APo{Ti)) . 

(c) Each function f G AP{S) fl H°° belongs to the algebra |^ Az- 

Proof, (a), (b). Since the algebra A{Uzq) is self-adjoint, D is dense in its maximal 
ideal space M.{Uzq). Then ^AzQ is the inverse limit of the compact spaces M.{Uzq) 
(because Az^ is the uniform closure of the algebra generated by algebras A{Uzq)), 
see, e.g, [R]. For Uz^ C Ko by Pu.oV,^, ■ M{Uza) A^(Ko) we denote the maps 
in this limit system and by pu^^ : J^zo ^ -^(f^zo) the corresponding (continuous 
and surjective) limit maps. Then, by the definition of the inverse limit, the base 
of topology on AizQ consists of the sets p^^ (U) where U C Ai^Uzo) is open and 
Uzf) is a circular neighbourhood of zq. In particular, since Fz^ is a compact set, 
for a neighbourhood U of there is a circular neighbourhood Uzq of zq and a 
neighbourhood U C M{Uzo) of F{Uzo) '■= Pu (-^^o) such that (U) C U. Recall 

that D is a dense subset of M{Uza) and Mzo- Also, p~^ (©) contains D C Mzq- 

Thus in order to prove (a) it suffices to show that there is Uzq C Uzq such that 
UzoHlD) CU nB. 

First, let us study the structure of 7W(t/zo). Let A*{Uzo) be the puUback to S 
by means of the map (Log o (pzo)~^ of the algebra A{Uzo). Then A*{Uzo) consists 
of continuous functions on Sq such that on (Log o (f)zo){Uzo) they are restrictions 
of almost periodic functions on S. Since A*{Uzo) is isomorphic to A{Uzo) we can 
naturally identify the maximal ideal spaces of these algebras. 

Further, observe that there is T < such that (Log o 02o)(f^2o) contains the 
subset St := e S : Re 2; < T} of the strip S. By the definition of the 
topology on A4{APo{T,)) (see section 2) is dense in A4{APo{T,)). Hence, the 
space M{Uzo) contains M{APc{'E)){= M{APo{T.))). Let K be the intersection of 
the closures of Uzq and D \ Uzg in C. Then K' := Log o (f)z^XK) is a compact subset 
of S. In particular, APc{T,)\k' = C{K'). This implies (by the Tietze extension 
theorem) that every bounded continuous function on (D \ Uzq) U K can be extended 
to a function from A{Uzo) with the same supremum norm. Now, we can describe 
explicitly A^(f/^(,) as follows (cf. the proof of Theorem ll.4l for a similar construction). 

Let M be the maximal ideal space of the algebra of bounded continuous functions 
on (D \Uzo)U K. We identify K C M with K' C M{APoi^)) by means of 
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Log o Then the quotient space of M U Ai{APc){^)) under this identification is 
homeomorphic to A4{Uzg)- 

Next, by definition the fibre F^g over zq consists of hmit points in Aizo of all 
nets converging to {zq} inside ©. This and the above construction of show 
that F{Uzo) is homeomorphic to A4{APq{J])). Moreover, F^g is the inverse limit of 
compact sets F{Uzo) where the limit system is determined by the maps Pu^gV^-f, \F(u^g) 
for C Vzg. Let us show that the maps Pu^gV^Jpiu^J ■ F{Uzq) -^(Ko) are 
homeomorphisms. Indeed, let {za} C Uz^ be a net converging to a point ^ G F{Uzq). 
Since Uz^ ^ Vzq, in our definitions of A4{Uzo) and A4{Vzq) the net {z^} converges 
to the same point ^ G FiVzg) which gives the required statement. Since all maps 
PUz^Vz^Fiu^^g) are homeomorphisms, by the definition of the inverse limit the map 
PuzJ^^o ■ ~^ ^i^zo), is also a homeomorphism. This completes the proof of (b). 

Now, observe that in our model of Ai{Uzo) the intersection of U with D contains 
Uzo n D, this completes the proof of (a). 

(c) Fix a point z^, G d3. We must show that every / G AP{S) fl H°° belongs to 
Az,- According to ()H.2j) and Lemma H^^ each / G AP{d3)r\H°° can be approximated 
locally on open arcs of the form 7tfc(s), k G { — 1, 1}, s G (0,7r), z := e** G d3, by 
pullbacks of almost periodic functions on the boundary of S. Using compactness of 
(9D, for a given e > we can find a finitely many points zi, . . . ,Zn G d3, arcs 7^fe(s/), 
k G {—1, 1}, si G (0, tt), zi := e**', and functions : (9D \ {—Zi, Zi} C which are 
pullbacks of almost periodic functions on 5S by means of Log o (pzn 1 ^ ^ ^ such 
that 

OB \ {zi, ...,Zn}= U U 7ti) and for all l<l<n 

l<l<n 

esssup \f{z) ~ f\z)\ <e. 

I h 

Without loss of generality we may assume that z^ G {zi, . . . ,Zn}. Next, set VJ := 
7^-1 U 7(1 U {zi}. Then (VJ)"^]^ is a finite open cover of dD. Let {p/}[Li be a smooth 
partition of unity subordinate to this cover such that pi{zi) = 1. Consider the 
functions fi on \{zi} defined by the formulas 

fl := Pif\ l<l<n. 

Let F be the harmonic function on D such that F\qo = X]i<Kn Then 

11/ — -^||l°°(B) < e- 

We prove that F G Az^. Since e > is arbitrary, this will complete the proof of (c). 

By Fi^i and Fi^2 we denote the harmonic functions on D with the boundary values 
fl and — fl, respectively. Thus Fi := Fi^i + Fi^2 is the harmonic function with 
the boundary values fK According to Lemma 14.31 every Fi is almost periodic on 
D \ {±2/}. Thus if zi = z^, then Fi G Az,. If zi ^ z^, then Fi is continuous at 

and so by the definition of Az, the function Fi G Az,, as well. Further, for a 
point zi distinct from z^ the function F/ 1 can be extended continuously in an open 
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disk centered at z^, (because the support of /; does not contain z^). Hence, such 
Fi^i G Az^- Assume now that Zi = z^ for some /. Then the function F12 can be 
extended continuously in an open disk centered at z^ (because the support of f — fi 
does not contain 2;*). Thus Fi^2 £ and in this case Fi^i := Fi — Fi^2 £ Az,, as 
well. Since F := J2i<i<n^iAy combining the above considered cases we obtain that 
FeAz,. 

This completes the proof of Lemma 14 .41 □ 

Theorem 4.5 Let f e AP{S) fl H°° . Then for each Zq E dB and any e > there 
is a circular neighbourhood Uzg '■= UziXf\^) of Zq and a holomorphic almost periodic 
function fz^ on Uzq such that 

sup \f{z)- fz^{z)\<e. 

Proof. Fix a point zq G (9©. According to Lemma I4.4r c) the function 
/ G AP{S) n belongs to Az^^ and so it is extended by means of the Gelfand 
transform to a continuous function / on M.zq- We use the description of Aizo 
presented in the proof of Lemma 14.41 Recall that in that construction the fibre 
F^o C ^AzQ over zq is naturally identified with ^A{APo{X)). Then we have (see 
Definition EH). 

Lemma 4.6 The function is holomorphic. 

Proof. In the proof we use the results of section 2. Let us consider the map 
: So ^ M.{APo){T), ^ G 6Z. We must show that / o is holomorphic. 
To this end we transfer the function / by means of the map (Log o (^zg)"^ to Sq 
and by / denote the pulled back function. Fix a point 77 G 2g(So), say, rj := i({w), 
w G Sq. Then there is a straight line M.+iy C Sq, y G (0, vr), and a net {Za} C M+iy 
which forms an infinite discrete subset of R + iy such that {za} converges to 77 in the 
topology of M{APo){T,). Let 5 C C be an open disk such that {R + iy} + B C Sq. 
By the definition of i^, for each z E B the net {za + z} converges in A^(y4Pc»)(S) to 
i^(w + z). Also, by the definition of M.zo we have 

\mij{za + z) = {foi^){w + z), zeB. 

a 

But the holomorphic functions fa{z) '■= f{za + z) form a normal family on B. 
Therefore using an argument similar to that of the proof of Lemma 12.31 (1) we 
obtain that f o i^ls is holomorphic. Since ^ and rj are arbitrary, the latter implies 
that /Ifzq is holomorphic. □ 

Now by Lemma [2.31 we obtain that there is a function /^^ G APci{J]) whose ex- 
tension to J^{APc){T,)) coincides with /If^q- Let us consider the function fz^ E Az^ 
whose pullback to S by means of (Logo^^o)^^ coincides with fz^. Then by the defi- 
nition of the topology of A^^o the extension fz^ of fz^ to Aizo satisfies fzolp^g = /I-F^q- 
Since is a compact set, the latter implies that there is a neighbourhood U of Fz^ 
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in A4zo such that \fzoi^) ~ fi^)\ < ^ fo^' x G U. Finally, by Lemma [4.4r a) there 
is a circular neighbourhood U^o such that flD C f/flD. Thus \fzo{z) — f{z)\ < e 
for all zeUzonB. □ 

4.2. Proof of Theorem Ol We must show that As = AP{S) n H°°. We 
split the proof into several parts. First we prove the following statement. 

Lemma 4.7 AP{S) fl is the uniform closure of the algebra generated by all 
possible subalgebras AP{F) fl H°° with finite F G S . 

Then we will prove that Ap = AP{F) fl H°° for every finite subset F C 9D. To- 
gether with the above lemma and the fact that is the uniform closure of the 
algebra generated by all possible subalgebras Ap with finite F G S, this will clearly 
complete the proof of the theorem. 

Proof. According to Theorem 14. 5| for a given / G AP{S) r\H°° we can find finitely 
many points Zi, . . . , Zn, circular neighbourhoods f/^j, . . . , Uz„ and holomorphic al- 
most periodic functions /i, . . . , /„ defined on ^Z^^, . . . , f4„, respectively, such that 
{Uzji<i<n forms an open cover of dB> \ {zi, . . . , Zn} and 

max||/|[/^^ - /i||L-(c/,j < e. 

Since the discontinuities of flgo belong to the closed set S, each function fi with 
Zi ^ S can be chosen also to be continuous on the closure Uz^ ■ 

Further, form a cocycle {%} on the intersections of sets from the above cover 
by the formula 

dj (z) : = /, (z) - fj{z), ze Uz, n Uz^ . 

Diminishing, if necessary, the sets of the above cover we may assume without loss 
of generality that all Uz^ H Uz^, i 7^ j, do not contain points zi, . . . , Zn- Then each 
Uz, n Uzj, i 7^ j, is a compact subset of D and the corresponding Cij are continuous 
and holomorphic in interior points of Uz^ H Uz^ ■ 

Let {pi} be a smooth partition of unity subordinate to the cover {Uzi)i<i<n- We 
can choose every pi so that it is the restriction to Uz^ of a C°°-function on C and 
Pi{zi) = 1. As usual, we resolve the cocycle {cij} using this partition of unity by the 
formulas 

n 

fji^) = ^Pkiz)cjkiz), zeUzy (4.3) 
k=i 

Hence, ^ ^ 

c^J{z) := f,{z) - fj{z), zeUz^n Uz^ . 

In particular, since Cij are holomorphic in D fl Uz^ H Uz^, the formula 

h{z):=^^, zeUz^nB, 

determines a smooth bounded function in an open annulus A C W^^-^Uzi with the 
outer boundary d3. Also, by our choice of the partition of unity, h is extended 
continuously to the closure A of A. 
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Let us consider a function H determined by the formula 

H{z) = ^[[ P^dCAdC, zeA. (4.4) 

Passing in ()4.4j) to polar coordinates with the origin at z, we easily obtain 

sup \H{z)\ < Cw{A) sup \h{z)\ (4.5) 

z€A zeA 

where w{A) is the width of A and C > is an absolute constant. Moreover, 
H G C{A) and dH/dz = h m. A, see, e.g., [G, Chapter VIII]. Let us replace A by a 
similar annulus of a smaller width such that for this new A 

sup |i^(-2)| < e. 

z&A 

Now we set ^ 

q(z) ■.= f,{z)-H{z), zeU^^nA. 

Then each Cj is continuous on Uz^ H A holomorphic in interior points of this set and 

Ci{z) - Cj{z) = Cij{z), z eUz.n 

Since every |cjj(2;)| < 2e for all z eUz^\~\ Uz^, 

\ci{z)\<3e, zeUz^nUz^. 

Let us determine a global function on A\ {zi, . . . , z^} by the formulas 

f,{z) := fi{z) - Ci{z), zeU.nA. 

Since for Zi ^ S, the function /j is continuous on t/^., from the above construction 
we obtain that f, G H°^{A) n AP{F) where F := {zi, ...,Zn}nS. Also, 

11/ - /e||L-(A) < 4e. 

Let i? be an open disk centered at whose intersection with A is an annulus of 
width < e. Consider the cocycle c on B (1 A defined by 

c{z) = f{z)-Uz), zeBnA. 

By definition, \c{z)\ < 4e for all z & B (1 A. Let A' be the open annulus with the 
interior boundary coinciding with the interior boundary of A and with the outer 
boundary {z G C : \z\ = 2}. Then A' (IB = AClB. Consider a smooth partition of 
unity subordinate to the cover {A', B} of© which consists of smooth radial functions 
pi and p2 such that 

max 1 1 Vpil |loo(C) < Cw{B n A) < Ce 
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for some absolute constant C > 0. Then using arguments similar to the above 
based on versions of ()4.3|) . ()4.4|) and ()4.5|) for the cocycle c and the partition of unity 
{PitP2}, we can find holomorphic functions Ci on B and C2 on A continuous on the 
corresponding boundaries such that 

Ci{z) — C2{z) = c{z) , z E B n A, and 

max{||ci||H°°(B), ||C2||//°=(A)} < C\\c\\H°°{AnB) 

where C > is an absolute constant. Finally, define 

f{z)-ci{z), if zeB, 



FJz) 



Uz)-C2{z), if ze]D)\B. 



Clearly we have 

11/ - F^\\loo(p) < ce. 

for some absolute constant c > 0, and G AP{F)nH°°, where F := {zi, . . . , Zn}nS. 
Since e is arbitrary, this completes the proof of the lemma. □ 

As the next step of the proof let us establish Theorem II. 71 for AP{F) fl H°° with 
a finite set F C dS, say, F = {zi, . . . , Zn}- 

Lemma 4.8 

Af = AP{F) n 

Proof. Let us show that AP{F) fl G Ap- First suppose that F contains at 
least two points. 

Let ipi : 83 —* 83 be the restriction to the boundary of a Mobius transformation 
of D that maps —zi to a point of F distinct from zi and preserves Zi. Then by the 
definition of Mobius transformations ipi is a diffeomorphism of 83. In particular, 
by Corollary O for a given / G AP{F) n H°° the function f o e AP{Fi) n H°° 
where Fi := ipi^(F). Since zi G Fi, as in the proof of Theorem 14.51 we can find 
an almost periodic holomorphic function (71 on D \ {±2:1} such that f o ipi — gi is 
continuous and equals at 2:1. We set 

g,iz) ■.= ^^ ^, ze3\{z^}. 

Zzi 

Then gi has a discontinuity at zi only. Let us show that gi G A{^zi,zi}- Indeed, 
by the definition of gi the function gi o o Log~^ belongs to APo{T,). Therefore, 
it can be uniformly approximated on E by polynomials in variables e*'^^, A G M, 
see, e.g., [JT]. In turn, gi can be uniformly approximated on D \ {±-2i} by complex 
polynomials in variables e"^^^"^""^^ . Now for z G 83 we have 



Im{(Logo : = 



0, if < ATg{z/zi) < vr, 

71, if < ATg{zi/z) < TT. 
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This implies that every function e*'^'"°s°'^i , A G M, belongs to Af^_zi,zi} and so gi G 
As^_z^^z'i}^ as well. Since {z + Zi)/2zi e Aq, the function gi G As^^^i^zi} by definition. 
Thus the function hi := 'gi o t/;"^ belongs to Ap, is continuous outside Zi and 
/i := f — hi G ylP(F^)n-?f°°, where := Further, using similar arguments 

we can find /i2 G Ai;', continuous outside Z2 such that f2 '■= fi — h2 & AP{F^) fl H°° 
where := \ {^2} etc. After n steps we obtain functions hi, . . . , hn E Ap such 
that hk is continuous outside Zk, 1 < k < n, and the function 

n 

hn+i:= f (4.6) 

k=l 

has no discontinuities on 9D, that is, /i„+i G Aq. Therefore / G A^t^. 

Next, if F consists of a single point, say Zq, then for a given / G y4P(F) fl 
using the above argument we can find a function h G As^zo,z-i} with a fixed G 
such that f — his continuous on F . Let (7 G be a function equal to 1 at F and 
at zi. Then f — gh & Aq. This completes the first part of the proof. 

Show now that Ap C AP{F) nif°°. Again, assume first that F contains at least 
two points. Let e^^ G Ap, A G M, where Re / is the characteristic function of an 
arc, say [x, y], with x,y & F. Let ip : d3 d3 be the restriction to of a Mobius 
transformation sending 1 to a; and —1 to y. Then by the definition 

{foijo(p-^){z) = --Logz + C, zeM+, 

TT 

for some constant C. Thus we have 

This means that e^^"'^ G AP({-1, 1}) n P"*^. Then by Corollary Owe get e^^ G 
AP{F) n Since Ap is generated by Aq and such functions e'^-^, we obtain the 
required implication. 

If F is a single point, then we must show that ge^-^ G AP{F)r\H°° , A G M, where 
Re / is the characteristic function of an arc with an endpoint at F and g E A^is such 
that gc'^ has discontinuity at F only. The result follows easily from the previous 
part of the proof, because e^-^ is almost periodic on d3 \ {F, y} for some y and is 
continuous at y. 

This completes the proof of the lemma. □ 

As it was mentioned above the required statement of the theorem follows from 
Lemmas and Ol □ 

4.3. Proof of Example II. 9L Using the bilinear transformation 0i : D EI+, 
see ()4.1|) . that maps 1 to G M and — 1 to cx) we can transfer the problem to a simi- 
lar one for functions on EI+. Namely, let {xfcjfceN C M+ be the sequence converging 
to 0, which is the image of the sequence {e**'=}fcgN C dB) of the example under (pi. 
Let H : W ^ {0, 1} be the Heaviside function (i.e., the characteristic function of 
[0, 00)). Then the pullback by of the function u of the example to the boundary 
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M of EI_(_ is the function 

oo 

u{x) := akH{x — Xk), a; G M. 

k=l 

We extend m to a harmonic function on H+ by the Poisson integral. Let v be the 
harmonic conjugate to the extended function determined on R by the formula 

oo J I I 

v{x) = Vctfc xgR. (4.7) 

k=l 

We set h := u + iv. Then h is the pullback by (f)^^ of a holomorphic function on © 
such that Re/ilau = m. Assume, to the contrary, that G As- Since e" G -R5, this 
assumption implies that e™ G y4P(5'), where v = (j)l{v\^). Then according to the 
definition of the topology on Jli{AP{S)), see section 3.3, the functions cos('u(e*)) 
and sin(?7(e*)), t G R, admit continuous extensions to 6R determined as follows. 

If {sa} C R is a net converging in 6R to a point 77 G &R, then the values at rj of 
the extended functions are 

limcos('y(e*")) and limsin('y(e'*")), 

a a 

respectively. In particular, this definition requires the existence of these limits. 

Now, according to ()4.7|1 there are sequences of points {x'^jl^gN and {x'l,}k&n in 
R+ such that x'f. and x'/, are sufficiently close to Xk and 



lim 



1, cos(tJ(x'J) = 0, cos{v{xl)) = 1, A; G N. 



We set t'l^ := Inx'^ and t'/, := Inx'l, /c G N. Assume without loss of generality that 
{t'l^} forms a net converging in the topology of 6R to a point ^ G 6R (for otherwise 
we replace {tk} by a proper subset satisfying this property). Since by the definition 
limfc_>oo \t'k — t'll =0 and almost periodic functions on R are uniformly continuous, 
the family {t'l} forms a net with the same indeces as for the net formed by {t^} 
whose limit in 6R is ^, as well. Hence, we must have 

lim cos (v (6**=)) = limcos('y(e*'=)), 

k k 

a contradiction. Therefore ^ As- 

Let now / G be such that /(I) = 0. Then the function {fe^)\do is continuous 
at 1. Thus {fe^)\so can be uniformly approximated by constant functions on open 
arcs containing 1. The same is true for each point e***=. This implies immediately 
that fe^' G Ag. □ 



5. Proofs of Theorems 11.111 and 11.13 . 

5.1. Proof of Theorem II. Ill Let us recall that As is the uniform closure of 
the algebra generated by all possible Ap with finite F <Z S. Therefore the maximal 
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ideal space Ai{As) of As is the inverse limit of the maximal ideal spaces Ai{Ap) 
of Ap. In particular, if we will prove that D is dense in each AilAp), then by the 
definition of the inverse limit this will imply that D is dense in Ai{As), as required. 
Thus it suffices to prove the theorem for Ap with F = {zi, . . . , Zn} C dB). 

Theorem 5.1 D is dense in ^A{Ap). 

Proof. Let 2k Ap he the closed ideal consisting of functions that are continuous 
and equal to at 2;^- By Ak we denote the quotient Banach algebra Ap/Xk equipped 
with the quotient norm. Let us recall that M.z^ is the maximal ideal space of the 
algebra Az^. which is the uniform closure of the algebra of continuous functions on 
D almost periodic in circular neighbourhoods of z^. Also, according to Lemma (4.41 
(b) there is a natural continuous projection p^^ '■ -^zk ~^ p^^{zk) is homeo- 

morphic to Ai{APci{Ti)). Moreover, by Lemma (4.41 (c) each / G Ap is extended to 
a continuous function on Aiz^ holomorphic on Pz^izk)- Hence, there is a continuous 
map Hk : ~^ Ai{Ap) whose image coincides with the closure of D. Moreover, 
according to the decomposition obtained in the proof of Lemma 14.81 see (j4.6|) . Hk 
maps p~^{zk) homeomorphically onto its image. 

Lemma 5.2 Let (pk '■ Ap APo{^) be the composition of the extension homomor- 
phism of functions from Ap to Aiz^ o,nd the restriction homomorphism of functions 
on A4zk to p~^{zk). Then Ker(j)k = Xk and Ak is isomorphic to APo{^)- 

Proof. Clearly, Ik C Ker (pk- Let us check the converse implication. Let / e 
Ker (pk- As it follows from the proof of Lemma 14.81 see ()4.6p . there are linear 
continuous operators Tk : APoiY?) —>■ A^z^} ^ such that (f)k°Tk = id. Moreover, 
To := 1 — ^12=1 '^k°4'k, where / is the identity map, maps Ap onto Aq. In particular, 
we have Tk{(t)k{f)) = 0. Thus / = -To(/) + Es^fc Since (pkif) = 0, this 
implies that / is continuous and equal to at Zk- Now from the formula (j)k°Tk = id 
we obtain that Ak is isomorphic to APoC^). □ 

Let i : Aq Ap he the natural inclusion. Its dual determines a continuous 
surjective map ap : J^{Ap) — > D. Next, taking the dual map to (pk we obtain that 
each ^A{APo{^)) is embedded into A4{Ap), its image coincides with Hk{p^^{zk)) 
and ap maps Hkip'^^^Zk)) to Zk- 

Let ^ e }A{Ap) and m := Ker ^ C Ap he the corresponding maximal ideal. 
Assume first that there is k such that Ik C m. Then trifc = 0fc(m) is a maximal ideal 
of Ak- By ^k G M.{APo{^)) we denote the character corresponding to irifc. Then 
i = 0*(^fc) £ Hkip^l^Zk))- Now, by the definition of Hk the point ^ belongs to the 
closure of D in M.{Ap). We continue with the following lemma. 

Lemma 5.3 Assume that a maximal ideal m of Ap does not contain any of Tk- 
Then m does not contain ^i<k<n1k, o,s well. 

Proof. Suppose, to the contrary, that ni<k<nTk C m. Let Xk & Tk, I < k < n, he 
such that Xk ^ nr. Since Ik are ideals, Xi • ■ ■ x„ G ni<fc<„Xfc. Thus Xi - ■ -Xn G m. 
Since m is a prime ideal, there is some k so that e m, a contradiction. □ 

From this lemma it follows that in order to prove the theorem it remains to 
consider the case m ^ ni<k<nTk- Observe that ni<k<nTk consists of all functions 
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from Aq that vanish on F. Thus there is / G r\i<k<n^k such that /(^) 7^ 0. This 
imphes that ap^^) ^ F. For every g G Ap, let us consider the function gf. By the 
definition gf & Aq. Thus we have 

^7(a^(0)/(aF(0) = {9f)M0) = (^7/)(0 = giOfiO = oiOfMO)- 

Equivalently, 

giO = fl'(«F(0) for all fi- e Ap. 

This implies that ap\ap{^)) = {^}. Therefore ap : M{Ap) \ a^^F) ^ D \ F is a 
homeomorphism. In particular, ^ belongs to the closure of D. 
The proof of Theorem 11.111 is complete. □ 

5.2. Proof of Theorem 11.131 Statements (1) and (3) of the theorem follow 
easily from similar statements for ap with a finite subset F G S proved in section 
5.1 and the properties of the inverse limit. Let us prove (3). We first prove the 
statement for a finite subset F <Z S. 

Since Aq G Ap and each function from Aq attains the maximum of modulus 
on dB, Kp C ap^{dB)). As it follows from Theorem O^f ^ AP{F). Also, the 
extensions of functions from Ap to M.{AP{F)) separate points there. Therefore 
M.{AP{F)) is embedded into M{Ap). Identifying M{AP{F)) with its image under 
this embedding we have M{AP{F)) C ap^{dB). Since ap^^dB) \ ap\F) ^ 9© \ F 
is a homeomorphism and each z G (9D is a peak point for Aq, the set Kp contains 
the closure of © \ F which is, by definition, coincides with A4{AP{F)). Assume 
that there is ^ e Kp \M{AP{F)). Then ap{^) := z* G F. Further, identifying 
a^^(z*) with A4.{APo{Tj)) we get from our assumption that ^ G in{^o) for some 
?7 G 6Z, see section 2; here Sq is the interior of E. Then, because ?,,(Eo) is dense in 
A4(APo(E)), by the maximum modulus principle each function f G Ap for which 
maxE) I/I = \f{C)\ is constant on a'g^^z*). Thus such / admits the maximum of 
modulus on M.{AP{F)) also. This contradicts to the minimality of Kp. Therefore 
Kp = M{AP{F)). 

Further, M.{AP{S)) is the inverse limit of compact sets M.{AP{F)) for all finite 
F G S. As before we naturally identify M.[AP[S)) with a subset oi M.[As). Then 
since is the uniform closure of the algebra generated by all possible Ap with 
finite F C S", by the definition of the inverse limit Ks C M.[AP{S)). But in fact 
Ks coincides with M.[AP{S)) because otherwise its projection to some of M.{Ap) 
is a boundary oi Ap and a proper subset of M.{AP{F)), a contradiction. □ 
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